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Small Signhal Models
Small Signal Analysis



MOS Transistor Applications
(Digital Circuits)
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Termed CMOS Logic
Widely used in industry today (millions of transistors in many ICs using this logic
Almost never used as discrete devices




Bipolar Transistor
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Bipolar and MOS Region Comparisons
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Bipolar Transistor

Multi-Region Model
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Small-Signal Principle

Region around

v

Xq

Relationship is nearly linear in a small enough region around Q-point
Region of linearity is often quite large

Linear relationship may be different for different Q-points



Small-Signal Principle
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Mathematically, small signal model is simply Taylor’'s series expansion
at the Q-point truncated after first-order terms



Small-Signal Principle
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Small-Signal Principle
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Small-Signal Principle
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A Small Signal Equivalent Circuit
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The small-signhal model of this 2-terminal electrical network is a resistor of value 1/y
One small-signal parameter characterizes this one-port but it is dependent on Q-point



Small-Signal Principle

Goal with small signal model is to predict
performance of circuit or device in the
vicinity of an operating point

Operating point is often termed Q-point

Will be extended to functions of two and
three variables



Small-signal Operation of Nonlinear Circuits

« Small-signal principles
Example Circuit
« Small-Signal Models

« Small-Signal Analysis of Nonlinear Circuits



Small signal analysis example

By selecting appropriate value of Vqg, M,

? Voo will operate in the saturation region
R § Assume M, operating in saturation region
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Small signal analysis example

* Voo
nC, W : 5
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Small signal analysis example

* Voo
R By selecting appropriate value of Vqg, M,
Vi =Vysinwt | will operate in the saturation region
Vour
I; M- Assume M, operating in saturation region
VIN l
VSS

Y ={v —“%W[v +V]ZR}+{“C%W[VSS+VT]R}VMSina)t



Small signal analysis example

V, sinwt

* Voo
R A M ting | turati '
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But — this expression gives little insight into how large the gain is !



Small signal analysis example

* Voo

R
V =Vysinwt
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But recall: o = oL (Ves + V1)
Thus, substituting from the expression for I, we obtain
_ 2I,R
"V, + V]

Note this is negative since Vo+V,:< 0



Small signal analysis example

* Voo

R
V =Vysinwt

- A _ 2R
o V [Vss T VT]

<
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l Observe the small signal voltage gain is twice the
Vss Quiescent voltage across R divided by Vg s+V;

» This analysis which required linearization of a nonlinear output voltage is quite
tedious.

» This approach becomes unwieldy for even slightly more complicated circuits
* A much easier approach based upon the development of small signal models

will provide the same results, provide more insight into both analysis and
design, and result in a dramatic reduction in computational requirements



Small-signal Operation of Nonlinear Circuits

« Small-signal principles
« Example Circuit
Small-Signal Models

« Small-Signal Analysis of Nonlinear Circuits



Solution for the example was based upon solving the nonlinear circuit
for V4,1 and then linear zing the solution by doing a Taylor’s series
expansion

« Solution of nonlinear equations very involved with two or more
nonlinear devices

« Taylor’s series linearization can get very tedious if multiple nonlinear
devices are present

Standard Approach to small-signal Alternative Approach to small-signal
analysis of nonlinear networks analysis of nonlinear networks
1. Solve nonlinear network 1.Linearize nonlinear devices
2. Linearize solution 2. Replace all devices with small-signal
equivalent

3 .Solve linear small-signal network



Alternative Approach to small-signal
analysis of nonlinear networks

1. Linearize nonlinear devices

2. Replace all devices with small-signal
equivalent

3. Solve linear small-signal network

- Must only develop linearized model once for any

nonlinear device
e.g. once for a MOSFET, once for a JFET, and once for a BJT

Linearized model for nonlinear device termed “small-signal model”

derivation of small-signal model for most nonlinear devices is less complicated than
solving even one simple nonlinear circuit

« Solution of linear network much easier than solution of
nonlinear network



Standard Approach to small-signal
analysis of nonlinear networks

1. Linearize nonlinear devices

2. Replace all devices with small-signal
equivalent

3. Solve linear small-signal network



Standard Approach to analysis of
nonlinear networks

Nonlinear
Network

A 4

dc Equivalent
Network
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Q-pomt\

Values for small-signal parameters

A 4

/

Small-signal
equivalent network

Small-signal output
|

Total output

(good approximation)




Standard Approach to small-signal
analysis of nonlinear networks

Nonlinear
Network

TR ST
: dc Equivalent :
: Network
v .
Q-point Small-signal
"4 equivalent network
Values for small-signal parameters

Small-signal output
|

Total output

(good approximation)



Linearized nonlinear devices

Nonlinear
Device

Linearized
Small-signal
Device




Example:
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Linearized small-
Nonlinear network signal network



Dc and small-signal equivalent elements

Element ss equivalent dc equivalnet
| 1
dc Voltage Source Ve T I Voc T
ac Voltage Source Vac @ Vac @ I
dc Current Source Ibc @ Ioc @
ac Current Source lac @ lac @
Resistor R R



Dc and small-signal equivalent elements

Element $s equivalent dc equivalnet
1 !
C
Large | y
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Inductors
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Simplified

£ i

Simplified

MOS Transistors



Dc and small-signal equivalent elements

Element ss equivalent dc equivalnet
Bipolar Simplified
Transistors
Simplified
Dependent i; i; i;
Sources



How is the small-signal equivalent circuit
obtained from the nonlinear circuit?

What is the small-signal equivalent of the
MOSFET and BJT ?

_|




Small-Signal Model

Consider 4-terminal network

l4 A
<£<__|_ * = fl(vl’VZ’VB)
4-Termina| I, vV
Device - + Vs 1 |2 — f2 (V1’V2 ’ V3) (
Vs
= = = B :fs(Vlivz’Vs) J

Deﬁne i’]_ :Il_I]_Q al :Vl_le
i =l,—l,g v, :Vz_sz
G :|3_|3Q s :V3_V3Q

Small signal model is that which represents the relationship between the
small signal voltages and the small signal currents



Small-Signal Model

Consider 4-terminal network

91(‘1)1"1)2’?)3)\
0,(V,0,,v,)
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Device
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Small signal model is that which represents the relationship between the
small signal voltages and the small signal currents

For small signals, this relationship should be linear

Can be thought of as a change in coordinate systems from the large
signal coordinate system to the small-signal coordinate system



Recall for a function of one variable

y = 1(x)

Taylor's Series Expansion about the point x,

of o°f| 1
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Recall for a function of one variable
y = 1(X)

If X-X, is small
of
Y=Y +&X:XO(X_XO)
of
Y=Y _&X:XO(X_XO)

If we define the small signal variables as
y=Y—Yo



Recall for a function of one variable
y = 1(X)

(X_Xo)

X:XO

If X-X, is small

o
OX

Y=Yo

If we define the small signal variables as
y=Y—Yo
Then

_of

7T

X This relationship is linear!



Consider 4-terminal network

I
«— +
l2
4-Terminal +
. 3 V1
Device - + v,
V3

I1 = fl(vl’VZ’VB) \
I2 — f2 [Vl,VZ,V3) ’
|3 — f3 [V1’V2’V3)

Nonlinear network characterized by 3 functions each
functions of 3 variables



Consider now 3 functions each functions of 3 variables
| = fl(vl’VZ’VB) \
I2 :fz [Vl,VZ,V3) ’
|3 — f3 [V1’V2’V3)

Define

— VlQ

Vo =| Vag
| Vaq |




l, = fl(V11V21V3); fl(le

Consider now 3 functions each functions of 3 variables

I2 :fz

I1 = fl(vl’VZ’VB) \
[Vl’vz’vs) ’
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|3 :fs
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V=V,

oV,

Define

Vi

Vo




Consider now 3 functions each functions of 3 variables

AN of,(V,,V,, V)| of, (V.. V,,V,))
I1 IlQ 8V1 ‘vQO (Vl VlQ) 8V2 ‘V:% (Vz VZQ) 5\/3 ‘\7=VQ (VS V3Q)
L = 1_|1Q
of,(V,,V,,V;) .
Yii = L =1, —|2
oV, v, . Q
L= 3_|3Q
of,(V,,V,,V,)
Yio = oV o
2 o v, =V,=Viq
y.= O (V,V,,V,) 6, =V,~V,q
13 @V3 s
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Consider now 3 functions each functions of 3 variables

{6 =Yty + Yo, + Y5,

This is now a linear relationship between the small
signal electrical variables



Consider now 3 functions each functions of 3 variables

=Yty + Yo, + Y5,

Lets now extend this to |, and |,
Ofi(Vi,V5, Vs )
oV, |

Define yij —

4 =Yt T Yo, + Y3,
L =Yty +Yyut, +Yuu,
G =Yt + Yty + Yt

This is a small-signal model of a 4-terminal network and it is linear
9 small-signal parameters characterize the linear 4-terminal network
Small-signal model parameters dependent upon Q-point !



A small-signal equivalent circuit of a 4-terminal nonlinear network

V, Y11 <Dy12?)2 (D Y13‘v3

V V
v, Yz @7 @ of (V. V,,V,)

V V
v, Va3 ®y31 1 (DY32 2

Equivalent circuit is not unique



4-terminal small-signal network summary

JL + = fl(Vl’VZ’V3) j
T [y v o =f(ViVaVa)
e |3 — f3 (V11V2’V3) y

Small signal model:

I
G =Ypu + Ypu, + Y, Vs al yele ¥ets
b =Yty + Yy, + Yyt -
b =Ygty + Yy, + Yy, o,
(;2 Voo Y21 Y23Us
(AN .
oV, /o . VL ys¥
V=Vq Y31U4 Y3202

(v3 Y33




Consider 3-terminal network

Small-Signal Model

2 :y21(v1 + Y22(v2 Y23(v3
2 ZY31‘U1 + Y32(U2 + y33‘U3




Consider 3-terminal network

Small-Signal Model

-—

3-Terminal é + v, Il — fl(Vl’VZ) \
Device V, >
_ |2 :fz(Vsz) )
Define .
= I 6, =V~ Vg
. v, =V,—V
L, = I2_I2Q 2 -

Small signal model is that which represents the relationship between the
small signal voltages and the small signal currents



Consider 3-terminal network

Small-Signal Model

-—

3-Terminal .2 +
Device \-Z v,
y = VLV
q =Y + Y, ” Ni i,
b =YV + Y,V o (Vi
Voo
A Small Signal Equivalent Circuit
! 2
V+ y J Y12V2 J +
1 11 VoV Y22 Vs

4 small-signal parameters characterize this 3-terminal (two-port) linear network
Small signal parameters dependent upon Q-point



3-terminal small-signal network summary

<«
3-Terminal 4—'2 + Il — fl(vl’VZ)
o \-lf_z v l, =1, (V1’V2)
Small signal model:
4 ZY11(01 T y12‘v2
() :y21(v1 + yzz‘vz
h
* Y12V2
of (Vl vV, ) Vi yu ® 0 Y22
Yij = By, Y21V
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Consider 2-terminal network

Small-Signal Model

2 :nyvl + Y22(v2 Y23(v3
2 :y31‘v1 + Y32(U2 + y33‘U3




Consider 2-terminal network

Small-Signal Model

e M |, =f(V,)

Define
i =1,

a1 — V1_V1Q

Small signal model is that which represents the relationship between the
small signal voltages and the small signal currents



Consider 2-terminal network

Small-Signal Model

‘fl. — yll(ljl

2-Terminal +
Device V1
y - of (V,
11 av1

A Small Signal Equivalent Circuit
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Small Signal Model of MOSFET

1. +

3-terminal device 4-terminal device

MOSFET is actually a 4-terminal device but for many applications
acceptable predictiions of performance can be obtained by treating it as

a 3-terminal device by neglecting the bulk terminal

In this course, we have been treating it as a 3-terminal device and in this
lecture will develop the small-signal model by treating it as a 3-terminal device



Small Signal Model of MOSFET

{ ﬁ Large Signal Model

3-terminal device (
0 V_<V
ID = HCOX VC/(VGS - VT \/2Dsj VDS VGS 2 VT VDS < VGS - VT
b I W 2
Triode HCOX 2|_(VGS - V ) (1+ AVDS) VGS 2 VT VDS > VGS

GS
Saturation _ v, Cutoff
Region y Region

<«

GS
Vbs

MOSFET is usually operated in saturation region in linear applications
where a small-signal model is needed so will develop the small-signal
model in the saturation region



Small Signal Model of MOSFET
,=f(V.V,) <=—= 1,=0

,=1f,(V,V,) <=2 | =pC_ (V. -V,) (1+4V.,)

Small-signal model:
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Small Signal Model of MOSFET

| =f(V,V,) <=—= | =0
,=f(V.,V,) <— =uC. Vv VY (1+av
2~ 2 19 Y 2 D_“ oxi( Gs T) ( + DS)
Small-signal model:
= % =0 y. = ol _ B
GS |V=V, 12 8VDS o
ol W : W
= 0 =2 —(V._. -V ) (1+ AV = — —
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W
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ol W 2
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Small Signal Model of MOSFET

1. 1

=0 ¥:e =0
W y11 =0 W
| =uC_ —(V_-V.)Y(1+ AV Y, = HC, — (Ve = V;)
D IJ oX 2L( GS T) ( DS) yzz;/um L
LG — yll‘vGS + ylZ‘vDS
iD — y21‘vGS + yZZ‘UDS

+
AV Y22
&8 Y21VGs
S _




Small Signal Model of MOSFET

*

Y22

by convention, y,,=d..,, ¥2,=9,
W
y21 = gm :“Cox T(VGSQ _VT)
Y., =0, =4,
D
G |
+ |
VGS ngGS? 9o
s _
L =
iD — gm‘ves + gO(UDS




Small Signal Model of MOSFET

W
A‘E gm :“Cox T(VGSQ _VT)

g, =/l

DQ

+
\V4 do
e OmVas
S _

Alternate equivalent expressions:

IDQ=}JCOX \2/V—L(VGSQ o VT )2 (1+ AVDSQ) E “COX \2/V—L(VGSQ o VT )2
W
gm :IJCOXT(V _VT)

GSQ

W
2uC_ — o /I
\/“OXL.DQ

21,
V-V,

GSQ
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